The Campbell-Shiller present value formula implies a factor structure for the price-rent ratio of the housing market. Using a dynamic factor model, we decompose the price-rent ratios of 17 major housing markets into a national factor and independent local factors, and we link these factors to the economic fundamentals of the housing markets. We find that a large fraction of housing market volatility is local. And the local volatilities mostly are due to time-variations of idiosyncratic housing market risk premiums, not local growth. At the aggregate level, the growth and interest rate factors jointly account for up to 47% of the total variations in the price-rent ratio. The rest is due to the aggregate housing market risk premium and a pricing error. We find evidence that the pricing error is related to money illusion, especially at the onset of the recent housing market bubble. The rapid rise in housing prices prior to the 2008 financial crisis was accompanied by both a large increase in the pricing error and a large decrease in the housing market risk premium.
Introduction
Housing markets are segmented. There does not exist a centralized market for housing assets. Demographic changes, household preferences for geographic locations and climate plus inelastic land supply can lead to heterogeneous regional price dynamics. Some existing studies, such as Gyourko, housing markets in the past few decades. As we can see in Table 1 , for example, the average annual nominal price change was 6.8% in New York City but was only 3.5% in Kansas City during the period between 1979 to 2009. Moreover, the volatility of house price also varies greatly across different cities. Table 1 shows the standard deviation of annual nominal price changes for the same period. It was 7.5% in New York City but was 2.7% in Kansas City. Table 2 reports similar statistics for the log price-rent ratios of the same cities. For example, in New York City the log price-rent ratio had an annual standard deviation of 22% while in Kansas City it was only 8.7% between 1979 to 2009.
On the other hand, all housing markets are obviously affected by a few aggregate variables such as the monetary policy, mortgage market innovations and national income. When the central bank lowers the key interest rate, it could stimulate the demand for houses in all markets and have a positive effect on housing prices. In fact Table 1 and Table 2 show that the correlation among some housing markets can be very high (e.g. New York
City and Boston, Los Angles and Philadelphia).
In this study we use a dynamic factor model to decompose housing prices into a common national factor and idiosyncratic local factors in order to better understand the sources of housing market volatility. We treat a residential house as a dividend-paying asset and base our dynamic factor model on the Campbell-Shiller log-linear approximate present value formula for the price-dividend ratio (Campbell and Shiller, 1988) . Such an approach allows us to link the unobservable factors to the economic fundamentals of the housing markets such as interest rates and expected rent growth.
Quantitatively distinguishing the national factor from local factors in the housing markets is important. From the perspective of policy makers, for instance, it is crucial to know if monetary policy was responsible for creating a national housing market bubble by keeping the short-term interest rate too low for too long, or if the increase in housing prices prior to the 2008 financial crisis instead reflected a collection of local bubbles. On the other hand, identifying a market "bubble" is intrinsically difficult. An increase in asset prices could be due to improved economic fundamentals as perceived by investors or due to purely speculative activities. By linking the unobserved price factors to economic fundamentals, our paper also seeks to distinguish between the part of housing market volatility attributable to changes in expected rent growth and the discount rate and the part that could be due to speculations or pricing errors. (2007) is that we treat a house as a dividend-paying asset and infer a factor structure for the price-rent ratio based on the Campbell-Shiller log-linear present value formula. As a result, we can explicitly link the unobserved factors to economic fundamentals of the housing markets. The Campbell-Shiller formula has been widely used to analyze the volatility of bond and equity markets. In an intriguing study, Campbell et al (2009) applied the same method to price-rent ratio in housing markets. 2 The ratio is split into the expected present values of rent growth, the real interest rate and a housing risk premium. The study found that the housing risk premium accounts for a significant fraction of the pricerent volatility. An important difference between our paper and Campbell et al (2009) is that we are able to disentangle the relative importance of the common component in the price-rent ratios across individual markets from ) provides a thorough analysis of the identification and estimation of generalized dynamic factor models. 2 Brunnermeier and Julliard (2007) also uses the same approach to isolate the pricing error in the aggregate housing market due to money illusion.
idiosyncratic local factors using a dynamic factor model. We show that this factor structure is an implication of the Campbell-Shiller present formula and both factors have similar Campbell-Shiller representations. Moreover, we show that a pricing error associated with money illusion is also important in driving the housing market dynamics.
To implement the Campbell-Shiller formula, we need to estimate the expected future rent growth and real interest rate. Another innovation of our paper is that the forecasting vector auto-regression model (VAR) for future rent growth and real interest rate is embedded in a dynamic factor model, and the two models are estimated jointly. The macro variables in the VAR are correlated with the national factor of rent growth but are independent of the local factors. Such a specification is important for appropriate identifications of the national and the local factors.
The rest of the paper is organized as follows. Section 2 describes our model. Section 3 discusses the data and estimation strategy. Section 4 presents the main empirical results. Section 5 concludes.
Model
We treat a house as a dividend-paying asset and equate the house price to the present value of the expected future rental income under rational expectations. 3 Following Campbell and Shiller (1988) , we can write the price-rent ratio as the sum of expected growth rate of rental income minus the expected rate of return on the housing asset.
In particular, if P i,t denotes the ex-dividend price of a housing asset in market i at time t, D i,t+1 the rental income of the housing asset between t and t + 1, let x i,t = log
, d i,t = log D i,t and r i,t+1 = log
3 Using rent as an approximation of the dividend income of a housing asset, we implicitly assume that individuals are indifferent between owning and renting. Glaeser and Gyourko (2007) points out that the rental units in the housing markets tend to be very different from owner-occupied units.
Under log-linear approximation, we have (ignoring constant terms):
where ρ = 1/(1 + e −x ), andx is the steady state price/rent ratio. The house price today should equal the present value of expected future rent growth minus the weighted average of expected future rates of return.
We assume in this study that the growth rate of rent in one market consists of two components, a national factor that is common to all markets and an independent local factor that is specific to market i. We can now rewrite the standard Campbell-Shiller decomposition as
where ∆d t is the national factor of rent growth rate, 4 ∆d i,t is the idiosyncratic rent growth rate in market i, r f,t is the real interest rate and er i,t is the excess rate of return in market i, er i,t = r i,t − r f,t .
The last term in Equation (2) corresponds to the risk premium for investing in the housing market, which also can be written as the sum of two
The first part on the right side of the equation above can be thought of as the national housing market risk premium and the second part an idiosyncratic risk premium component that is specific to market i. This decomposition can be justified as follows: if housing markets were fully integrated without transaction cost and other frictions, it would follow from the standard asset pricing theory that E t (er i,t+1 ) = β i E t (ēr t+1 ), whereēr t+1 is the excess return on a portfolio of housing assets that is perfectly negatively correlated with the pricing kernel (or the stochastic discount factor). 5 Of course much evidence shows that housing markets are far from integrated and there are many kinds of frictions within each market as well such as transaction costs, liquidity constraints and etc. The second part on the right side of Equation (3) therefore captures the expected excess rate return that is orthogonal to the aggregate housing market risk premium. Notice that we again assume in Equation (3) the factor loading is 1 for all i. Relaxing this assumption doesn't change our main empirical results. 6 In summary, the log-linear Campbell-Shiller present value formula implies a factor structure for the price-rent ratios of the housing markets as follows:
wherē
As we will further show in Section 4.3, there could be an additional pricing error term in Equation (5) if investors are not able to form rational expectations of future real rent growth or the real interest rate. For example, they may suffer from money illusion and mistaken a decline in the nominal interest rate due to a change in inflation for a decrease in the real interest 5 Since we will estimate the risk premium as the residual term in the Campbell-Shiller identity, the coefficient βi is not important as long as it is constant. If βi is time-varying, our decomposition in (3) will not be valid because βi can depend on local state variables. 6 Another implicit assumption is that investors in different housing markets share the same information set.
rate (or equivalently they extrapolate the historical nominal rent growth rate without taking into account changes in inflation). Under money illusion, the observed price-rent ratio,x t , will include an extra term (a pricing error) as follows,x
whereẼ t denotes people's subjective expectation under money illusion, E t denotes the rational expectation. Investors perceive the real interest rate to
, while the actual real interest rate is E t ∞ τ =0 ρ τ r f,t+1+τ . The first part of Equation (7) corresponds to the "correct" or "true" house value under rational expectations. If households underestimate the real interest rate, for example, the observed house pricex t will exceed its true
. This pricing error will disappear if investors are able to correctly form rational expectations of future interest rates (E t =Ẽ t ). In our decomposition exercise, we will need to distinguish empirically the pricing error from the risk premium term in the CampbellShiller formula. 7 
Data and Estimation
In our model specification there are two types of unobserved factors: the unobserved national and local factors for both rent growth and price-rent ratio, and the unobserved agent's expectations of future rent growth, future interest rates and future excess returns or risk premiums. Typically the unobserved national and local factors can be extracted from the observed series by applying the type of Dynamic Factor Model (DFM) proposed in Stock 7 We treat money illusion as a national factor because there is no appealing reason to assume only households in one or some particular markets make this mistake while others don't.
and Watson (1991), and the unobserved expected future variables can be estimated by a VAR model that was first implemented in Campbell and Shiller (1988) to study sources of price-dividend variations. We combine these two lines of work and propose a novel VAR augmented DFM that allows us to simultaneously decompose the observed series into the national and local factors and obtain estimates of these expectations of future variables. Using Denote the annual real rent growth in the 17 metropolitan areas by ∆d i,t .
Assume a common national factor represented by ∆d t and the idiosyncratic local factors denoted by ∆d i,t . We use 2 lags for all dynamic factors since all data are annual and 2 lags appear sufficient to capture potential dynamics.
Notice that all variables are demeaned before being used to estimate the model. Specifically, the DFM part is set up as below:
where ω t and ν i,t are independent Gaussian shocks.
We augment the above DFM with a VAR to allow the latent national factor ∆d t to interact with four macroeconomic variables that include the real interest rate, r f,t , real GDP growth, g t , log changes in the Case-Shiller home price index, s t , and CPI inflation rate, π t :
where Z t = (∆d t , r f,t , g t , s t , π t ) and ξ t = (ω t , ε r,t , ε g,t , ε s,t , ε π,t ) . The variance matrix of the innovations to the VAR is given by Σ. We also use 2 lags in the VAR specification.
To estimate this VAR-DFM model we cast it in a state-space framework.
The Kalman filter then can be conveniently employed to estimate such statespace model. The resulting state-space model consists of the measurement and transition equations as detailed below.
Measurement equation:
where 
Transition equation:
where
1 0
We follow Kim and Nelson (1999) 
where W t = (∆d t , ∆d t−1 , r f,t , r f,t−1 , g t , g t−1 , s t , s t−1 , π t , π t−1 ) , i.e. the second half of the state variable in the transition equation (13); F is the corresponding companion matrix in the VAR model. e j is a selection column vector which has 1 as the j-th element and zero elsewhere. In the same way, the idiosyncratic local growth component E t ∞ τ =0 ρ τ ∆d i,t+1+τ can be computed relatively easily since it is by construction independent of the macroeconomic variables.
The aggregate and local risk premium components are obtained as the residual terms in the Campbell-Shiller accounting identity (5) and (6), respectively. We first apply the DFM to the price-rent ratio and extract the national and local factors from this series. 8 Assume each price-rent ratio is the sum of the unobserved national factor and local factor:
and the national and local price-rent ratios both follow the stationary AR (2) processes:
Again, the national and local factors are orthogonal to each other for identification purposes following Stock and Watson (1991) . This model can be put into its state-space form and the estimation is done by following Kim and Nelson (1999). The risk premium term is then obtained by subtracting the rent growth and interest rate components from the price-rent ratio.
Also notice that in the dynamic factor models, the scale of the common factor and the factor loading are not identified independently. We can either normalize the factor loading to be 1 (i.e. β x,i = 1) or normalize the standard deviation of the shocks to the common factor to be 1 (i.e. σ 2 e = 1). We estimated both versions of the model and obtained similar results.
Results

Factor Decomposition
We first estimate a dynamic factor model of the price-rent ratios of the 17 cities in our sample. The model decomposes each price-rent ratio into a common national factor and a local factor. We estimated two versions of the model. In one model, we restricted the loadings on the national factor to be 1 across the 17 cities in our sample. In the other model, the factor loading is allowed to change but the standard deviation of the national factor is normalized to be 1 in order to achieve identification. The results from the two models are very similar and are summarized in Table 3 . We find that across the 17 cities local factors drive a significant portion of the total volatility in the housing markets. We measure the volatility of a housing market by the standard deviation of the annual price-rent ratio. As Table   3 shows, in the model with restricted factor loadings, an average of 47% of the total volatility of the housing markets is attributable to local factors. In some cities, the local factor shares are more than 60%. If we allow the factor loadings to vary, the average local factor share is slightly lower, but is still more than 40%. This is consistent with the results of Del Negro and Otrok (2007), which finds that historically movements in house prices were mainly driven by the local components. Figure 1 plots the estimated national factor of the price-rent ratio together with the log Case-Shiller house price index (normalized by the CPI index). We can see that these two series track each other closely with a correlation coefficient of 0.86. Our series of the national factor of the price-rent ratio is also very similar to the one estimated by Davis et al. (2008) . This confirms that the dynamic factor model provides a good summary of housing market movements. Table 3 also shows that the local factor shares vary greatly from city to city. For example, while local factors contribute more than 60% of the total volatility of the price-rent ratio in New York City and Los Angeles, the local factor share is only 24% in Chicago. The log-linearized Campbell-Shiller present value formula provides insights about what drives these local volatilities. The Campbell-Shiller formula is an accounting identity that expresses the (log) price-rent as a sum of two components: the present value of the expected future rent growth rates and the present value of expected future discount rates. House prices increase today either because people expect higher future growth or a lower discount rate or both. As we have demonstrated in Section 2, the growth component can be further decomposed into a common national growth factor and an independent local growth factor.
The discount rate components can be thought of as consisting of three factors, a risk-free interest rate, an aggregate or national risk premium which are common to all cities, and an idiosyncratic local risk premium. Therefore, in cites where the local factors contribute a large share to the housing market volatility there must be either volatile local growth or volatile local risk premiums or both. In Table 4 we report the standard deviations of the local growth rate and local risk premiums (see below for more on the estimation of different components in the Campbell-Shiller accounting idendity). We can see that local risk premiums are about 5 times more volatile than local growth rates. There are also greater variations in the standard deviations of local risk premiums. In Figure 2 we plot the scatter graph of the local factor shares of the price-rent ratio against the standard deviations of the local risk premiums. In Figure 3 we plot a similar graph with the standard deviations of the local growth rate instead. We can clearly see from these two figures that the local factor shares are mostly due to the volatility of local risk premiums. Variations in the local growth rate have some, but very limited, explanatory power for the local factor shares.
Economic Fundamentals of Housing Markets
We next examine the economic fundamentals that underlie the national and local factors of the house price-rent ratios. Using the Campbell-Shiller loglinear present-value formula, we are able to equate the national factor of the log price-rent ratio to the sum of the present value of the expected national growth rate in rent, the present value of the expected real interest rate and an aggregate risk-premium term. Similarly, the local factor of a pricerent ratio can be written as the sum of the present value of the expected local growth rate in rent and a local risk premium term. To get reliable estimates of the expected future rent growth rates and interest rates, we use a long duration of historical data from 1936-2009 on rent and interest rate. We embed a vector regression model into a dynamic factor model of rent growth rates. This allows us to obtain joint estimates of the national and local factors of rent growth as well as the expected future interest rates.
The national and local risk premium terms are then obtained as residuals in the Campbell-Shiller accounting identity using our previous estimates of the national and local factors of the log price-rent ratios. The results are summarized in Table 4 and 5. Table 5 shows that the long-run growth rate in rent is estimated to be around 1.40% at the aggregate level. Our model also yields an estimate of the expected long-run real interest rate of 2.27%. Since we can only obtain index data on rent, the log price-rent ratio used in our study is different from the true log price-rent ratio by a constant. Therefore we can't obtain the correct estimates of the mean of the national and local factors of the log price-rent ratios, as well as that of the national house market risk premium. Nonetheless this scale problem doesn't affect our estimate of the standard deviations of the log price-rent ratios and the underlying economic variables as well as their correlations. Among the three economic variables underlying the national factor of log price-rent ratio, the interest rate term has the biggest standard deviation of 17.25%. The risk premium term has a standard deviation of 11.95%, indicating strong evidence of time-varying risk premium in housing markets. The growth term is the least volatile variable with a standard deviation of 6.91%. Moreover, these three variables are also highly correlated. The growth term and real interest rate are positively correlated. The risk premium is negatively correlated with both the growth term and real interest rate. 9 To assess the impact of the economic fundamentals on housing markets, we report in Table 6 the results from simple regressions of log price-rent ratios on the growth and interest rate variables. Notice that our estimates of the national growth factor and the real interest rate term are obtained from a separate dynamic factor model than the one for price-rent ratio, and the risk premium is obtained as the residual term in the Campbell-Shiller accounting identity. Therefore a meaningful regression is a one that only includes the growth and interest rate variables. Table 6 shows that the growth and interest rate variables jointly explain up to 46.47% of the total variation in the aggregate log price-rent ratios. The interest rate alone accounts for about 17% of the variation in the aggregate log price-rent ratios. Moreover, consistent with standard economic theory, a higher expected real interest has a significant negative effect on house price while a higher growth expectation has a significant positive effect. The regression result also indicates that a large portion (more than 50%) of the variation in the national house market is due to changes in the aggregate risk premium term. Table 6 also reports the results from regressing local price-rent ratios on local growth variables.
Consistent with the result on the local factor shares in the previous section, we find that local growth explains very little of the variation in local pricerent ratios for most cities. The idiosyncratic volatilities in local housing markets seem mostly due to time-variations in local risk premiums. Given that local price-rent ratios contribute to more than 40% of the total volatility of house markets, it seems safe to conclude that variations in risk premiums are the most important factor that drives housing market volatility. Changes in the interest rate have the expected, but limited, direct effect on housing market volatility. 10 
Housing Market Risk Premiums and the Pricing Error
The residual term from the Campbell-Shiller present value formula (5) is the expected excess return or risk premium in the housing market, E t ∞ τ =0 ρ τē r t+1+τ . This is a valid decomposition if investors have rational expectations and the transversality condition holds, i.e., lim T →∞ ρ T E txt+T = 0, wherex t is the national factor of log price-rent ratio. In general, however, the residual term from the Campbell-Shiller formula may include a pricing error. This pricing error can arise because either investors hold irrational expectations or there is a speculative bubble that violates the transversality condition. We now rewrite the Campbell-Shiller present value formula as
where y t , l t and η t are, as before, the expected rent growth, the real interest rate and the risk premium respectively, and ν t denotes a possible pricing error in the housing market. Our dynamic factor models produce estimates ofx t , y t and l t , and the residual term from the account identity (20) now contains two components, the risk premium and the pricing error, η t and ν t .
It is well documented that the excess return in equity market can be predicted by some state variables such as yield spread and dividend yield 10 Kishor and Morley (2010) reports a similar finding that variations in risk premiums explain a large fraction of housing market volatility. Cochrane (2011) argues that most asset market puzzles and anomalies are related to large discount-rate/risk premium variations. (Figure 1 ). In contrast, during the early sample period (1979 to 1985), the pricing error was decreasing and the risk premium was increasing. As a result, the housing price declined during that period.
It is interesting to notice that in the risk premium regression (the upper panel of Table 7 ), the coefficient on the yield spread is positive while the coefficient on the stock dividend yield is negative. A large positive yield spread indicates that interest rates are likely to rise in the future, and rising interest rates decrease values of long-term assets such as houses. Therefore a large yield spread increases the risk to participate in the housing market, resulting in a higher risk premiums. On the other hand, it is well known that the dividend yield has strong forecasting power for future stock returns. For example Cochrane (2011) shows that a one percentage point increase in the dividend yield forecasts a nearly four percentage point higher excess return in the stock market. In states where the dividend yield is high, investors perceive a larger risk in the stock market and demand a higher expected return. As a result they are more willing to accept a lower expected return in the housing market. A higher dividend yield in the stock market predicts lower returns in the housing market. Housing assets provide a hedge against stock market risk. Of course, such interpretations are subject to the caveat that part of the estimated risk premium may actually be the projection of the pricing error on the state variables or that the two state variables fail to capture all the variations of the housing market risk premium.
The orthogonal residual term from the above OLS regression can be interpreted as an estimate of housing market pricing error. One possible source of the pricing error is money illusion. For example, as pointed out by Modigliani and Cohn (1979) , investors may fail to distinguish between the real interest rate and nominal interest rate. They may interpret a decline in the nominal interest rate due to changes in inflation as a decline in the real interest rate, and therefore bid up the real housing price. As pointed out by Brunnermeier and Julliard (2008) , in the simplest case with constant real rents and real interest rates, the price-rent ratio will be simply determined
where r f is the real interest rate. Under money illusion, however, investors would value the housing asset as
where i is the nominal interest rate. And if i declines due to a reduction in inflation, the price-rent ratio will increase even if the real interest rate remains constant.
To see if the estimated pricing error is indeed related to money illusion, we run an OLS regression of the pricing error on the inverse of the nominal interest rate as well as the inverse of inflation. The results are reported in the second panel of Table 7 . We can see that the estimated pricing error is indeed positively related to the inverse of the nominal interest rate and inflation.
Since a change in inflation may reflect a change in inflation volatility rather than its level, we also include the square of inflation in the regression to control the effects of inflation volatility and obtain the same result. Notice that the R 2 of the regressions are not very high, suggesting that money illusion may not be the only source of the pricing error. 11 The pricing error and its fitted value are plotted in Figure 5 . It is interesting to note that while the fitted value of the pricing error remains close to 0 and is very different from the actual value in most periods (which explains the low R 2 ), Note: this table reports the standard deviations of the national factor and local factors of the price-rent ratios in 17 cities. In the restricted model, the loading on the national factor is restricted to be 1. In the unrestricted model, the factor loading can change across different cities. Local share is the percentage of the total standard derivation attributable to local factors. Note: Coefficient estimates with ** indicate that they are significant at 5% level. 
Pricing Error Fitted Value
This figure plots the estimated housing market pricing error and its fitted value from a regression on the inverse of the nominal interest rate and the square of inflation.
